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Thus v, v,) Ya +.» all satisfy the equation 


v(p)v (gq) =v (p9), 
p and q being prime to each other. 


§ 11. In the case of the formule considered in §§ 1-8, 
we have 


and (x) = zE g tan za 


The fact that ¢ (x) is itself a series of terms in which the 
denominators are the successive powers of 2 is the cause of 
the distinction which occurs in the formule of §5 between 2 
and the other prime factors of n. In the formation of the 
functions @ the exponent of 2 gives rise to a factorial which is 
one order higher than the factorials depending upon the 
exponents of the other primes. 


EXPANSIONS OF K, 1, G, E IN POWERS OF k'*-#’. 
By J. W. L. Glaisher. 
THE object of this note is to give the expansion of K in 


ascending powers of k'*— k". I have also added the corre- 
sponding expansions of J, Œ, and Æ. 


Expansion of K, §§ 1, 2. 
§ 1. Let 4 and h’ denote A” and #'” respectively, and let 
AHh'-h=k?—-F. 
If therefore a be the modular angle, so that %= sina, then 


A = cos 2a. 
We have* 
i = | f e-y'-As dedy, 
whence, expanding in powers of A, 
/ © o g A ie 
‘2 K={ | ew y* fı — 2r2%y? + I a'y — 31 ay? + fe} : 
bro 
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Now fe dx =40 D, 
r erede =} ($), 
f Terada =} ($), 
&e. &e. ; 

whence 
ar 1 La Pp, 14549? 
“TE-= Bra) eN 


Se 
oa tea68*t2468.1012" tée.) 
1 By oye Sites 
= 1 Ne eS L jee nae 
ar" (2) l Aa a0 EaR tée. 
Denoting by K° the value of K corresponding to the 
1 
modulus 72? we know that 


4 Vr. K°=T"*(}). 


Also, since T (3) P (3) =v2.7, 
it follows th oe 
it follows that yan (2). 
Thus we find 
“ Cea JH oo era a, 
Ea, E fı Doa +5268 * 2468.10.18 © +&o} 
PRE em BOT E 
a +346" t246810 t246..14> t © F. 
Since 2@K = ai 
we have 2G = yak 


and we may therefore write the expansion of K in the form 
Soe, os Rui Balan gig 
Ke, 5 fı A a * ke} 


3? 35.7 SP 
= o 3 5 A 
ef; MEITE” + 74.6.8.10 + pe aN tse. 
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The quantities X° and G° are of course mere numerical 
constants, their values to eight places of decimals being 


K° = 1°85407468, 
G = 117875274, 


§ 2. By changing the modulus from & to %' we change the 
sign of A; we thus find 


K i ie, 5? 1? Re 9? P 

¥ s ro E ae 4 «Moa 

+ Kuan hei Maas V aaa +&0} 
ee en i ee ee a il 

ee pty ea aeann cade 


Expansion of G, §3. 


§ 3. We may deduce the expansion of Œ from that of K 
by means of the formula* 


dK. 
for PEAG@=», AEAT, 
ak 
— = a 2 = 
whence G=-(1 NR 
We thus find 
' TA sho 
Ja @ fegato taon +e} 


SoS, ee ee ae 
i FE M+ 546 + 3.6.8.0 ~ tee Se 


By changing the modulus from & to k’ we deduce also 
G'+G=2G4 41 os \wen® E r+ &e 
2.4 2.4.6.8 2.4.6.8.10.12 i 


» if ge O E E a 
PA aus” aaao ace 
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Expansions of I and E, §§ 4-6. 
§ 4. Since 
AK=3(1-A)K, W’K=}$(14+A)K, 
we may deduce from the expansions of K and G the following 
expansions of J and Æ: 


fe e Gega- Fst Moga tae” 
a 
- srs * +} 
me 
a sissies 843 
E= ¢ f1- rainat E ET i 
me 
-n Ys} 
Mes 
sean +e}. 


If we put k= k’, then ^ = 0, and these formule become 
P=@-3K’, E°=G@°+4K’, 
which are the expressions for Z° and Æ’ in terms of K° 
and G. 
§ 5. From these expansions we may deduce the following: 
oh ee RE ee ee 

A aA fi 9 cau ae “Face 
ar oa 
2.4.6.8.10 2.4,6.8.10,12 


$ p 1 i PERR i. S 
E-l'=K CESET LE: 


Ne 
at- fe} 7 


2 4 

o4.6° Tras” 

159 a, PSS ) 

maso sheet © a) ’ 

with the corresponding expansions for E'+I and E'-I 
obtained by changing the sign of A. 
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§ 6. It may be remarked that we have also 


> 3 Tey ©) see 
ale a ~ 5468 * ~ 94.68.1013 * ~ & 


fl > Siete 
eS E +345 N + 5568.10 +&} ’ 
a 1 po e 
d 2e fint zt msn + &} 


3 popem, ae 
=. fi gan tes taaan a +@f? 
the latter series being the same as that for — K (§'1), as_it 
ought to be, since J—- E=- K. 
From these two formule we may deduce 


ne ee ee T 
I+ H+I'+E'= 44 fı We WW le - &e}, 

1 p o E E A, 
I+E-I'-E'= 2K {5 Move Nte, 

, EA E of 2 5 4 
I-#+I'-E'=-2K hean taeste}, 
I-E-T4E a Ae lap E Na k y + he. 

9° T3426 


The values of the last two series are - K— K” and 
—K+ K’, agreeing with §2. In previous ae I have 
denoted 4 AE E) by W (W being a quantity bearing a close 
analogy to G). The first, third, and fourth series represent 
therefore W, W+ W’, and W- W’ respectively. 


Expansion of I+ G+ E, §7. 
§7. For Z+ G + E we obtain the expansion: 


2? 352 
14@4E= o{s— Sw 8.13 4 STAs 


24° 246.8 °° ~ 2.4.6.8.10.12 
273. 412: 
_3 29. éo} 


24.6..16 ~ 
En is 13.55.17 n, 1.679795... o) 
a ata 4. saat" 846.04" ys 
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